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In this paper we apply a recently published formulation of the equations governing the behavior of local
thermodynamic equilibrium flows, accounting for the variation in local elemental concentrations in a rigorous
manner, to simulate heat and mass transfer in the boundary layer near the stagnation point of a hypersonic vehicle
entering the Martian atmosphere. The results obtained using this formulation are compared with those obtained
using a previous form of the equations where the diffusive fluxes of elements are computed as a linear combination of
the species diffusive fluxes. This not only validates the new formulation used in this contribution but also highlights its
advantages with respect to the previous one: by using and analyzing the full set of equilibrium transport coefficients
we arrive at a deep understanding of the mass and heat transfer for a CO,/N, mixture.

Nomenclature

elemental multicomponent diffusion coefficient of
element e with respect to element g

elemental thermal demixing diffusion coefficient of
element e

mixture enthalpy per unit mass

enthalpy of species s

radius of the probe hold in the test chamber

local radius of the probe

component of the velocity in the x direction
component of the velocity in the y direction
physical coordinate along the body contour

= physical coordinate normal to the body

second Lees—Dorodnitsyn coordinate

dynamic viscosity

= first Lees—Dorodnitsyn coordinate
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Subscripts

wall

w
8 = boundary layer edge
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Introduction

HE physics of collision-dominated chemically reacting flows is
described by an extended Navier—Stokes system, consisting of
the following equations [1]: 1) global continuity, momentum, and
total energy; 2) a separate continuity equation for each species,
including finite-rate chemistry; 3) if thermal nonequilibrium occurs,
an energy equation for each additional mode of freedom (vibrational,
rotational, and electronic energies). This formalism is widely
employed for the simulation of high temperature flow conditions
typical of both atmospheric entry and ground tests performed in high
enthalpy facilities. In general, after very complex and costly
computations, the solution of the previous equations leads to a vast
amount of information (e.g., concentration fields of a large number of
chemical species) whose interpretation may by no means be obvious.
In addition many physical parameters essential for the modeling of
chemistry and energy relaxation processes are required to close the
previous system of equations. Unfortunately, in most applications,
accurate estimations of these parameters are missing affecting in
general the uncertainty of the obtained prediction. For these reasons,
when chemistry and energy exchanges are fast, it is usually
preferable to solve the more elegant local thermochemical
equilibrium (LTCE) form of the aforementioned set of equations.
A major breakthrough in the field of LTCE flow modeling was
made by Butler and Brokaw [2,3], who showed that, assuming
vanishing diffusive fluxes of chemical elements, the diffusive
transport of species reaction enthalpies in the energy equation could
be incorporated in a straightforward manner by introducing a
coefficient of “thermal reactive conductivity” Ag:
Np
qQ.= ths = _)"RVT

s=1
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One often makes use of this result to reduce the full set of
nonequilibrium equations to a system formally equivalent to the
“conventional” Navier—Stokes equations (continuity, momentum,
and energy), complemented by a modified equation of state p(p, T)
computed from statistical mechanics assuming a fixed elemental
composition in the flow [4].

Although appealing because of its simplicity, it is important to
understand that this approach is approximate at best, because in
general the elemental composition varies significantly in chemically
reacting flows [5,6].

Over the past four decades, several LTCE formulations
accounting to some extent for (de)mixing effects have been
proposed [7-13]. Recently, the present authors presented a new
formalism [14] which has the advantage that elemental fluxes and
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diffusion heat fluxes are explicitly expressed as a function of the
temperature and elemental mass fraction gradients.

In this paper we present the full set of equilibrium transport
coefficients introduced in [14] for an 8 species mixture containing
three elements (C, N, O) of interest for Mars entry. The numerical
results, discussed at the end of the manuscript, show the main
advantages of the formulation proposed in [14] and, in particular,
allow the achievement of the main objectives of this study stated
hereafter.

1) The application of the formulation proposed in [14] to a mixture
containing three elements proves definitely its general character with
respect to previous formulations available in the literature.

2) The computation of thermal demixing coefficients as well as
elemental multicomponent diffusion coefficients allows for the
accurate and exhaustive description of diffusion phenomena in
mixtures of reacting gases under LTCE. In particular, inspired by the
structure of the multicomponent matrix, we propose an approximate
method to predict a priori the evolution of the elemental fraction
profiles along the stagnation line.

3) A more general expression for the LTCE heat flux vector is
proposed which represents a generalization of the Butler and Brokaw
formula. By computing the correction to A, as well as the elemental
heat-transfer coefficients, a deep understanding of enthalpy transport
by diffusion is achieved.

In the remaining part of this paper we first recall the main aspects
of the LTCE formulation derived by the authors in [14]. Then we
apply this formulation to the stagnation line problem, which
represents a building block of the methodology [15] used at the
von Karman Institute (VKI) to estimate the catalytic properties of
thermal protection system (TPS) materials. Finally we discuss the
results of the stagnation line problem for a CO,/N, mixture,
presenting a deep analysis of both mass and energy transfer thanks to
the knowledge of the new transport properties introduced.

Species Ordering and Nomenclature

We represent mixtures of ideal gases by means of a finite set of N,
species S, among which we further distinguish between N,
“independent species” & consisting of pure elements and N,
“combined species” R and S=RUE. We characterize the
chemical composition of the mixture by means of mole fractions
x, = ng/n, where n, and n stand for the molar densities of individual
species and of the entire mixture. Alternatively, we also characterize
the mixture composition by means of the mass fraction y, = p,/p,
where p, and p stand for the mass densities of the individual species,
respectively, the full mixture.

We will indicate the number of elements e contained in a species s
by ¢¢, for instance, for NO, ¢X,, = 1, while for CO,, ¢802 = 2. This
allows for the definition of the mass fractions Y* of elements in the
mixture as follows:

Ye ="y "¢y, M.

< (e€f) 2)
seS MS

where M is the molar mass of species s, related to the mixture molar
mass M =) sx,M,. Alternatively we can characterize the
elemental composition in terms of mole fractions (X¢) which are
linked to the mass fractions by arelation similar to the one holding for
the mixture species, that is, Y* = X°M,/>",..M,X¢. We introduce
the diffusion velocity V, with respect to the mass-averaged velocity
of the mixture u. The mass fluxes of species s are then given by,
respectively, J, = p,V, and the diffusive mass fluxes of element e
are obtained from the following linear combination:

M

Te=2 0y

se§
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Mixture Composition Under LTCE

Species Continuity Equations

We consider the commonly encountered flow regime in which
chemical reactions are relatively rare with respect to elastic
collisions, such that they do not play an important role in the
thermalization of species in the flow (unlike the “kinetic chemical
equilibrium regime” considered in the first part of [16], for which
chemical reactions and elastic collisions are treated on the same
level). The concentration of each species may then be determined
from a respective species continuity equation [1]:

where u stands for the mass-averaged velocity of the mixture and @,
is the mass production/destruction term [17] of species s due to
chemical reactions. The number fluxes of species respect the mass
conservation constraint

> J=0 ®)

se§

and obey the Stefan—-Maxwell equations
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In the present study we have neglected effects of pressure and
thermal diffusion [18,19]. The binary diffusion coefficients D,; are
symmetric Dy; = D;, and the symmetric factor f,;(L) takes into
account the contribution of Laguerre—Sonine polynomials [20-23].

The binary diffusion coefficients can be further expressed as a
function of the collision integrals for which detailed information is
available in [24,25] for air and CO, and for the mixture used in this
manuscript in [26,27].

Elemental Continuity Equations for Neutral Mixtures

As pointed out Suslov et al. [7] and later by Murphy [11], we need
to solve additional element advection—diffusion equations to
determine the elemental composition of the mixture [5]. To obtain
these equations, we multiply Eq. (4) by ¢¢M, /M and sum over all
species. Because no elements are created in chemical reactions, the
mass fraction of any element e obeys the following equation:

,(pY )+ V- (pu¥Y)+V-J,=0  (e€f) (M

Equation (7) is valid regardless of the degree of chemical
nonequilibrium of the mixture. In particular, under LTCE, the
solution of the set of elemental continuity equations provides the
mixture local elemental composition necessary to compute the
mixture composition.

Elemental Diffusion Coefficients

As shown in [14], in a neutral reacting gas under local
thermochemical equilibrium, at constant pressure, the elemental
fluxes J, are in general nonzero and can be explicitly expressed as a
function of the gradients of temperature and elemental composition,
that is,

J ==Y pD.,VY?— pDINT (®)

qe€

By combining Egs. (7) and (8), we can write the elemental continuity
equations as follows:

3,(pY%) + V- (pu¥®) — V.- (pZDquY‘l)

qe€

= V.- (pDIVT) ®
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An important insight in the physical description of LTCE flows is
highlighted by Eq. (9). There it is clearly shown that in a flow at
LTCE, initially even at rest and with a uniform elemental
distribution, in the presence of a temperature gradient sufficiently
high to induce a gradient in species concentration, the elemental
composition will in general vary in time and in space.

Diffusive Transport of Enthalpy

In a general nonequilibrium case, to compute the diffusive
transport of enthalpy [Eq. (1)] one should determine all the J, as
solutions of Eq. (6) and then consider their linear combination. On
the other hand, under thermochemical equilibrium, Eq. (1) takes a
particular form which avoids the computation of the J. A first step in
this direction was done by Butler and Brokaw [2], who showed that,
under the assumption of vanishing elemental fluxes, the diffusive
heat flux takes the form of Eq. (1). In [1], the possibility of nonzero
elemental fluxes is correctly taken into account and a more general
expression for Eq. (1) is derived. Indeed, as shown in [14], for a
mixture of reacting gases under thermochemical equilibrium, at
constant pressure, the diffusive heat flux is proportional to both
temperature and elemental concentration gradients as well:

D Johy= =g+ hp)VT = Y Aty VY (10)

ses eel

where A is the reactive thermal conductivity introduced by Butler
and Brokaw [2], Ap is the demixing thermal conductivity which
corrects for the inconsistent assumption of vanishing elemental
fluxes, and, finally, the Ag are the elemental heat transfer
coefficients. Analytical expressions for the LTCE transport
properties are given in [14].

Thanks to the theoretical results recalled in the previous two
sections, the full system of the governing equations of chemically
reacting gases under LTCE can hence be reduced to a system
formally equivalent to the conventional Navier—Stokes equations,
extended with a set of N, additional advection—diffusion equations,
one for each of the mixture elements. By writing the governing
equations of chemically reacting flows under LTCE in this way, the
elements diffusive fluxes and the diffusive enthalpy flux depend in an
explicit manner on the solution unknowns, which is advantageous
for their implementation in an implicit CFD code. Moreover, the
physical effects leading to (de)mixing and its influence on the
mixture energetic behavior clearly show up. In the following section,
we apply this formalism to a quasi-1D reacting flow problem, in
order to highlight the main advantages of the proposed formulation.

Stagnation Line Flow

VKI has been involved for several years in the determination of
catalytic properties of TPS materials. A hybrid methodology, which
relies on the combination of experimental measurements and
numerical calculations, has been employed for this purpose. The
principles of this methodology lay on the local heat transfer
simulation (LHTS) concept developed at the Institute for Problems in
Mechanics of Moscow (IPM) [15]. Over the past few years, this
methodology has been applied to both Mars and Earth atmospheric
entry. This was possible thanks to both experimental measurements
[28] and numerical tools [19,29-31] available at VKI, used together
to compute the so-called heat flux maps needed to estimate the
effective recombination probability of atoms and molecules on solid
surfaces. From the numerical side, this requires the simulation of
inductively coupled plasma flows plus the computation of stagnation
line flows in front of the probe placed in the test chamber of the wind
tunnel. In Fig. 1 we present a sketch describing the typical geometric
configuration of standard tests/simulations conducted in the
framework of the application of the methodology used at VKI.

The simulation of the flow in the torch and in the chamber is done
assuming LTCE conditions and the results of this simulation are used
to define the stagnation line differential problem. This is possible
thanks to the computation of a set of nondimensional parameters
used as inputs to rebuild the outer edge conditions to match the

Inductively coupled plasma facility
Chamber

N o~

==

hot jet

Fig. 1 Geometrical configuration.

experimental heat flux. This iterative rebuilding process relies upon
the simulation of the stagnation line flow of a mixture of reacting
gases under chemical nonequilibrium assuming complete
recombination at the wall. For the considered torch operating
conditions, the concentrations of the ions rapidly decay away from
the torch outlet allowing the description of the flow close to the probe
by means of neutral species. After the outer edge conditions are
rebuilt [32], a set of stagnation line nonequilibrium computations are
performed to compute the wall heat flux as a function of wall
temperature for several effective recombination probabilities. As
shown in previous studies [5], assuming a fully catalytic wall
provides a heat flux close to the one obtained by assuming LTCE
conditions along the stagnation line, provided that elemental
demixing is taken into account. Following this result, we identify the
LTCE stagnation line problem as a suitable test case to present the
main features of the formulation presented at the beginning of the
paper. In addition, this will allow us to show how the analysis
performed in [5], where the importance of demixing was assessed, is
improved in terms of physical understanding of the flow behavior.

To present our analysis of the stagnation line flow we will start
defining a working mixture suited for the analysis of Martian entry
problems. Further on, we will recall the stagnation line equations,
and finally their solution will be presented with a strong emphasis on
the description of diffusion phenomena.

Mixture Definition

Several models for the description of the Martian atmosphere are
available in the literature. In [33], Noll and McElroy present detailed
information on the atmospheric composition, and local information
obtained from computations with climatological models is presented
by Justus et al. [34] and Lewis [35]. As stated by Owen et al. [36], the
atmosphere of Mars is mainly composed of CO,, plus some N,, O,,
Ar, and minor species. In this work by neglecting minor species and
Ar, the Martian atmosphere is modeled with CO,, N,, and O,. This
choice was also adopted by Chen and Candler in [37], where
hypersonic flow simulations are presented to predict the heat flux on
a fore-body heat shield. We therefore consider an 8 species mixture
defined as follows:

8-species Mars: £ = {C,N, O}, R = {CO,, CO, 0,,N,, NO}.

In Fig. 2 we present the equilibrium composition of such a mixture
for the reference elemental fractions X% = 0.32, X§, = 0.04, and
X4 =0.64 and for a pressure of 7000 Pa used later on for the
stagnation line flow solution.

Governing Equations

In this section the governing equations of a mixture of reacting
gases for the stagnation line flow are recalled [18,19]. With respect to



RINI, VANDEN ABEELE, AND DEGREZ 31

o
[

o
=N

N
'S

Mole fractions

o
[

4

S000 6000

Fig. 2 Equilibrium mole fractions as a function of temperature
(7000 Pa) [26].

previous formulations [5], the new formalism introduced in this
paper will affect the form of the element continuity and energy
equations. Indeed from Eq. (8), the diffusive fluxes of carbon,
nitrogen, and oxygen read

T ¢ = —pDccVYC — pDc VYN — pDoVYC — pDEVT (11a)
T n = —pDne VYC — pD VYN — pDyo VYO — pDIVT (11b)

jo = _PDOCVYC - pDONVYN — ,ODOOVYO — pD(T)VT (llc)

The direct consequence of these expressions is reflected on the heat
flux vector which, in the absence of thermal and pressure diffusion,
reads as follows:
q=—(A+Ag+rp)VT =25 VYC — AN VYN — 29 VYO (12)
Hereafter we recall the main hypotheses on which the definition of
the stagnation line differential problem is based. The flow is
considered steady, axisymmetric, and laminar; the influence of body
forces due to external fields is neglected; and finally, thermochemical
equilibrium is supposed. Starting from a Cartesian reference system

(Fig. 1) having the x axis lying on the body surface and the y axis
normal to it, the Lees—Dorodnitsyn transformation

S(x)=/xp{w5u5r2ds and ﬁ:]Cr]:[CM
0

y
d
VR "

where

_ 128 fim 1 g

CSugr Jooop

is applied. Three new independent variables are introduced as

_u _T - 28 dn  por
F=y =7 ™ V"Cag/ax(FaxJ’\/ﬁ

where § is the boundary layer thickness, and r the local radius of the
body. Therefore the stagnation line equations read as follows
[5,19,38]:

Continuity:

oV

+F=0 (13)
a7

Momentum:

GF_1nf . u b (m
omn 2p (dug/0x)* 0y \ Ox

F2 9 OF
R (162108) (14)

Element continuity:

-9y —K a7,
o B 2055 dugdx 07

(e €& (15)

or, using Eq. (8),

, Y (V. 3p’D,, 0Y¢
D, —=|———+= .
7 X 3n o

O aprdT )
7 (p b Bﬁ) ( P2 Py ) (1o

where the parameter x = K?/(u5p0s) is the result of the finite
thickness assumption.

Energy:
90 by 1O by, 90
0 19 At gt )Y
Yo V;hﬁaﬁ Iy an[’C pra ATt Aol
10ty hy oy
KL 17
A an[ Pr)\T(;qu; BL 55 a7

where £, = pu/ (psis), Pr=puC, /A, C, =3 icsy;0h;/dT,and
hf r Cpfr

Boundary conditions: The boundary conditions for the
transformed variables are as follows. At the wall F =0 and
0 =T,/T;s, while at the outer edge F = 1 and 6 = 1. On the other
hand, the boundary conditions for the physical variables are at the
wall u =0, v=0, T =T, (x), while at the outer edge u = uz(x),
T = Ts(x), and Y¢ = Y§(x).

The boundary condition for elements at the wall follows directly
from mass conservation, that is, J, = 0 for e € £, since no new
elements are generated in the surface chemistry (nonablative wall).
From Eqgs. (8-11), we see that for each element, the straightforward
expressions for the diffusive fluxes are well suited for the numerical
implementation of these boundary conditions. Indeed for each
element, the mass conservation at the surface reads

—pD ZDM ;

qFe

aye

pDeea—ﬁ (6 € 5) (18)

w

The previous expression represents a linear system for the gradients
of elemental fractions (3Y*/d7). As a consequence, the solution of
this linear system allows one to express the wall value of elemental
fraction gradients as a linear function of the temperature gradient,
allowing for an explicit formulation of the boundary condition (18).
From a numerical point of view, the solution of a linear system may
be avoided by following an explicit approach, that is, computing the
right-hand side of Eq. (18) using the solution unknowns known from
the previous iterative step.

Itis important to notice how advantageous [6] the use of Eq. (18) is
from a numerical point of view. The implementation of this boundary
condition would be substantially more difficult if the element
diffusive fluxes were to be computed as a linear combination of the
solutions of Eq. (6): in general, inner iterations are then needed to
impose the boundary condition. Equations (13), (14), (16), and (17)
represent a system of second order ordinary differential equations
which have been solved using a fourth-order finite difference
discretization method [19]. As far as numerical accuracy is
concerned, in [18] the authors showed that by using 100 points to
discretize the stagnation line, grid convergence is achieved.
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Table 1 Operating conditions

T,.K 300
Ts, K 5827
ps> Pa 7000
Rm! mm 25

§, mm 0.9
v50/9y(Jus/dx) / (Jus/9x)* [—] 1.77
dus/dx, 57! 913

Therefore all results presented hereafter have been obtained using
100 equidistant grid points.

Test Case Definition

The flow conditions considered, characteristic of Martian entry
[39], are presented in Table 1. The presented outer edge conditions
and geometrical parameters have been determined from a detailed
numerical study of the flowfield inside the inductively coupled
plasma generator and test chamber of the VKI’'s plasmatron wind
tunnel [28] (Fig. 1). This allows for the computation of some
nondimensional parameters related to the stagnation line edge in
terms of the boundary layer thickness, the axial velocity, and the
velocity gradient, and further details about their definition are
available in previous publications [32].

In the following a single chemical regime is considered,
corresponding to LTCE with demixing (LTCE-VEF), where the flow
is in thermochemical equilibrium and the composition is computed
as a function of pressure, temperature, and local elemental fractions,
obtained from the solution of the set of elemental continuity
equations. Two formulations have been used.

10°®

7

i ’?"\\ T
1.0| oX=0:352, X,=0.072, X5=0.576 - 4if - g
/9 77\ pD
110y o
111
OX =0:320, X;=0.040, X ;=0:640 178 *

1
11 I’
XK =028, X{=0.008, X5=0704-4./

o
n

pD," [kg/(m K s)]
(=

05
\)
%
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300 1500 000 4500 6000
TIK]

Fig. 3 Elemental thermal demixing coefficients as a function of
temperature (7000 Pa).
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Fig. 4 Elemental multicomponent diffusion coefficients as a function of
temperature (7000 Pa, X = 0.352, Xy = 0.072, Xy = 0.576).

LTCE-VEF (1): We obtain the elemental concentration by solving
Eq. (15), where the element diffusive fluxes are computed as a linear
combination of the species ones obtained as the solution of the
Stefan—-Maxwell equations [Eq. (6)]. The computed species diffusive
fluxes are then used in the energy equation to evaluate the diffusive
transport of enthalpy (3 J, k) [5].

LTCE-VEF (2): We obtain the elemental concentration by solving
Eq. (16), where the thermal demixing and multicomponent diffusion
coefficients are used to compute the element diffusive fluxes.
Moreover, the alternative form of the energy balance, presented in
Eq. (17) is used, introducing the correction to Ap as well as the
elemental heat transfer coefficients.

A Priori Estimation of the Elemental Fraction Profiles

Before presenting the solution of the stagnation line problem, we
analyze the evolution of the multicomponent and thermal demixing
diffusion coefficients computed as a function of temperature for a
fixed pressure and several elemental compositions. This is done
independently from the solution of the stagnation line flow
equations, with the purpose of showing how the knowledge of these
transport coefficients can help to predict a priori the effect of
multicomponent diffusion on the elemental concentration profiles.
To this end, we present, in Fig. 3, the elemental thermal demixing
coefficients and, in Figs. 4-6, the elemental multicomponent
diffusion coefficients.

In these figures we present results for different elemental
compositions to investigate their sensitivity to elemental fraction
variations. Three sets of elemental composition have been selected
for this purpose perturbing by 5% the reference oxygen and carbon
elemental molar fractions. This leads to the following elemental
concentrations:

20

L5
Lol

0.5

pDe(l [kg/m s]

0

-0.5

-1.0

-1.5 Tw TS

300 1500 3000 4500 6000
T [K]
Fig. 5 Elemental multicomponent diffusion coefficients as a function of
temperature (7000 Pa, X = 0.320, Xy = 0.040, X, = 0.640).
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Fig. 6 Elemental multicomponent diffusion coefficients as a function of
temperature (7000 Pa, X = 0.288, Xy = 0.008, X, = 0.704).
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Xc =0.352, Xy = 0.072, Xo = 0.576,

Xc =0.320, Xy = 0.040, X, = 0.640,

Xc =0.288, Xy = 0.008, Xo = 0.704.

The results presented in Fig. 3 show the influence of elemental
fraction variations on the DI. There we notice some differences
between the results obtained with the three different elemental
compositions even though the profile evolution as a function of
temperature is analogous.

A different behavior is evident for the multicomponent diffusion
coefficients presented in Figs. 4—6. There we observe a very similar
behavior for the D, as a function of temperature for each elemental
composition. From the definition of the stagnation line problem we
know that the temperature increases from its wall value (set to a
typical value ~300 K for cold wall) until the outer edge is reached
where Ts is ~6000 K. As a consequence, d7/dy is a positive
function of y. As shown in Fig. 3, the thermal demixing coefficients
are not a positive function of 7 and present a change in sign in the
temperature range [T, Ts]. This will obviously induce a similar
change in sign in the demixing source terms —pD? VT. On the other
hand, from Figs. 4-6 we notice how the elemental multicomponent
diffusion coefficients do not change sign in the temperature range of
interest. A further investigation of the multicomponent elemental
diffusion coefficients reveals a particular structure of the diffusion
matrix D,,. Indeed, to respect mass conservation (J, = 0) the
following conditions must be satisfied:

Y D= Dn=> Dy (19)

qe€ qe€ qe€
for the multicomponent diffusion coefficients, and

> pr=o0 (20

ecf

for the thermal demixing ones. From the analytical definition of the
D,, [14] we moreover observe that the rows of the multicomponent
diffusion coefficients matrix must sum up to zero (3_,.cD., = 0).
This property is reflected by the results presented in Figs. 4-6 where
we notice that the off diagonal coefficients have values around minus
half of the diagonal ones. In addition the diagonal elements of the
matrix follow approximately the same evolution as a function of
temperature. Inspired by the previous two observations about the
structure of the matrix of the D,, we propose the following
simplification of the multicomponent diffusion matrix:

2D -D -D
(oD~ p5| =D 2D —D Q1)
-D —-D 2D

A rapid analysis of Eq. (21) reveals how both the physical mass
constraint (19) and the mathematical property »_ ..D,, =0 are
satisfied.

Equation (21), together with the identity Y VY* = 1, allows fora
substantial simplification of the mixing term of the elemental
diffusive fluxes, that is,

3
> pD. VY = p5DVYe (22)

Equation (22) represents an important result which shows that for
CO, /N, mixtures the mixing term ) _ pD,, VY can be simplified to
a Fick’s law form which drops the coupling between the elemental
continuity equations. Indeed, using Eq. (22) and considering steady
flow conditions, the elemental continuity equation (9) simplifies to

pu-VY:—V. (,o%DVY") = V. (pDIVT) (23)
(1) )

Equation (23), together with the profiles presented in Figs. 3-6,
allows for the following qualitative prediction of the elemental
fraction evolution along the stagnation line. Indeed, since at
sufficiently low temperatures no chemical reactions take place, the

DT are zero and demixing of elements should not be induced in the
region close to the surface. On the other hand, as temperature is
sufficiently high, the demixing source terms —pD? VT will differ
from zero and, below ~4000 K, induce a decrease of oxygen
concentration (DJ > 0) and an increase of N and C (D], DL < 0).
For higher temperatures the opposite effect will be observed. As soon
as elemental concentrations vary, the terms —p )~ D,, VY4 will play
a role trying to reestablish a uniform elemental composition.
Moreover since the D! change sign, while the D 4 40 n0t, elemental
fraction profiles should have a nonmonotonic behavior to produce
zones where VY¢ > 0 and others where VY*¢ < 0. In this way the
terms —p» D, VY? try to counteract the demixing -effect
(—pDIVT).

In the remaining part of this section we propose an easy and fast
method to estimate the elemental fraction evolution along the
stagnation line. To this end we further simplify Eq. (23) neglecting
the convective term (1) with respect to the mixing term (2). Although
exact for a Couette flow, in the present case the accuracy of this
approximation depends on the position along the stagnation line. The
nondimensional parameter on which an accuracy analysis should be
based is the Peclet number Pe resulting from the dimensional
analysis of the ratio [(1)]/[(2)]. Indeed

(D] _vd_ p, (24)

(@] D

where we introduced a reference velocity vg, a reference length §, and
a reference average diffusion coefficient D. For the operating
conditions defined in Table 1 we find a Pe =2 which leads to a
convective term (1) around the double of the mixing one (2). This
clearly states that neglecting convection is not a good approximation
in the zone around the outer edge. On the other hand, from Eq. (24), if
the local velocity is used as a reference, we notice that as we move
towards the surface the velocity normal to the wall decreases
inducing a consequent decrease of the Peclet number. As a
consequence, there will be an interval where the proposed
approximation will be valid and, from the solution of the stagnation
line problem to be presented shortly, we will notice that this interval
covers the first 10% of the stagnation line. The direct consequence of
neglecting convection in Eq. (23) consists in their simplification to
the conditions J, = 0.

Following this result we propose an approximate approach to
estimate the elemental composition along the stagnation line which
consists in solving the following set of N, decoupled first order
ordinary differential equations:

aye  2pDTIT
on 3 pD dn

(25)

As a first guess we consider a linear temperature distribution with
slope dT/dn = (Ts — T,)/A7. This allows for the solution of
Eq. (25) which leads to the determination of the elemental mass
fraction profiles Y¢(77). To solve Eq. (25) we have computed the
DI[T(1))] and D = Dc¢[T(#)] using the outer edge pressure and
elemental fractions.

In Fig. 7 we present the solution of Eq. (25) in terms of Y¢(7). In
this figure we present also the results obtained as the solution of
Eq. (15) to compare the prediction of the method introduced in the
previous section with the solution of the stagnation line equations.
Analyzing the profiles presented in this figure we notice that the
results of Eq. (25) lead to a prediction which differs from the solution
of Eq. (15) ~2% at most, for oxygen near the wall. This result shows
that the elemental fraction profiles can be estimated a priori with a
reasonable accuracy using a fast and easy method.

In addition we notice that the evolution of the three profiles
presented in Fig. 7 is in agreement with the qualitative prediction
previously presented and moreover reflects the properties of the ratio
DT /D present in Eq. (25).

In the following section we will show how the results obtained
with the approximate method just presented are not so different from
the solution of the stagnation line equations. Indeed the evolution of
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Fig. 7 Elemental mass fraction profiles obtained with an approximate
method, compared to the full solution.
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Fig. 8 Comparison of the computed results for the temperature and

enthalpy profiles along the stagnation line obtained using the LTCE-
VEF (1) and the LTCE-VEF (2) formulations.

the D! and the D, along the stagnation line will closely follow what
has been presented in Figs. 3 and 5. This will allow researchers
dealing with stagnation line problems for the TPS design to estimate
a priori the order of magnitude of elemental fraction variations by
means of a fast and easy tool.

Results

In this section we present the solution of the stagnation line
equations for the conditions specified in Table 1. We start our
analysis by discussing the temperature and enthalpy profiles shown
in Fig. 8.

There we present the results obtained for the LTCE-VEF regime
using the two formulations LTCE-VEF (1) and LTCE-VEF (2)
defined in the previous section. As observed, the results obtained
with the two formulations are identical. The same match is observed
for all flow variables along the stagnation line, supporting the
correctness of the alternative formulation recalled at the beginning of
this paper.

In Fig. 9 we present the species concentration profiles. Starting
from CO, O, C, and N at the outer edge, we see how their
concentration decreases providing a mixture of CO,, O,, N, at the
wall, and a small amount of NO. From the analysis of this picture, it
appears that elemental demixing tends to reduce the amount of
carbon and nitrogen at the wall while it enhances the oxygen
concentration. This is reflected by the presence of an excess of O, in
the low temperature region, which would have been zero if the wall
elemental fractions had been the same as at the outer edge (Fig. 2).
This behavior is confirmed by the profiles presented in Fig. 10, where
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Fig. 9 Comparison of the computed results for the species mass
fractions along the stagnation line using the LTCE-VEF (1) and the
LTCE-VEF (2) formulations.
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Fig. 10 Comparison of the results obtained for the difference between
the elemental mass fractions and their outer edge values [Y¢(y) — Y¢|;]
obtained using the LTCE-VEF (1) and the LTCE-VEF (2) formulations.

we plot the difference between the local elemental mass fractions and
their outer edge values [Y¢(y) — Y¢|5]. In addition, by looking at the
element concentration profiles (Fig. 10) we notice that the lack of
carbon and nitrogen at the wall is compensated by a higher
concentration around y/§ = 0.4, whereas for oxygen we observe a
minimum in this position from which the concentration rises until the
wall is reached.

Going further with the analysis of the profiles presented in Fig. 10,
we notice that they present a nonmonotonic behavior as already
observed in [18] and here we give an explanation for this observation.
To discuss the elemental mass fraction behavior we focus on the
elemental continuity equations in the form of Eq. (15). Itis clear how
the knowledge of 7, will help in understanding the evolution of Y*
knowing that V <0.

For this purpose we present the profiles of 7, in Fig. 11 for the
three elements contained in the mixture. As expected [Eq. (15)] we
observe a correspondence between the local extrema of 7, and those
of Y*. In addition we notice that the diffusive fluxes of elements are
zero all over the first 10% of the stagnation line and they start to grow
around y/8 =~ 0.1. This shows that over the first 10% of the
stagnation line, Eq. (15) simplifies to J, =0, meaning that
convection is negligible. Moving further towards the outer edge a
local extrema is encountered followed by an increase for C and N,
while for oxygen a decrease of J is observed. From this we notice
that in the region defined by y/6 > 0.1, the convective term will
differ from zero and will counteract [Eq. (15)] the derivative of the
profiles presented in Fig. 11. At this point it is important to observe
that although the profiles of Fig. 11 allow for the interpretation of the
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elemental fraction profiles presented in Fig. 10, it is by no means
evident to give an explanation for the behavior of the 7, if they are
computed as a linear combination of the solutions of Eq. (6) as done
in the formulation LTCE-VEF (1) [5,6]. Now, to improve our
understanding, we use the theory introduced in [14] and apply it in
the LTCE-VEF (2) formulation of the equations.

Indeed, to understand the behavior of the element diffusive fluxes
we discuss now the two components of 7. The first is proportional
to the temperature gradient (oD? VT) and the second is obtained as a
linear combination of the element mass fractions gradients
(03 D,, VY. In Fig. 12 we present the first part of the element
diffusive fluxes. From Fig. 8 we notice that d7/dy >0 V y and
therefore the sign of pD! VT will depend only on DI, with p being
obviously a positive quantity.

As shown in [14] and confirmed in Fig. 3, the D! change their sign
as temperature rises, for fixed pressure and elemental fractions. In the
present case the pressure is constant along the stagnation line but the
elemental fraction varies. Therefore both temperature and elemental
composition will influence the transport properties. From the
analysis conducted observing the results of Figs. 4-6, we expect the
influence of temperature variations to be dominant with respect to
changes in elemental composition. All these effects concur to the
establishment of the profiles presented in Fig. 12.

Close to the wall the thermal demixing coefficients are zero and do
not contribute to the element diffusive fluxes. As temperature rises
we observe an increase in modulus of all contributions until a
maximum is reached. Then we notice a decrease and a subsequent
change in sign typical of the thermal demixing coefficients behavior.

Indeed from Fig. 13 we see how the behavior of the thermal
demixing coefficients is similar to that of the first contribution to the
element diffusive fluxes. At this point it is interesting to compare
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Fig. 13 Thermal demixing diffusion coefficients.
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Fig. 14 Second contribution to the element diffusive fluxes
(0> D, VYY)

Figs. 3 and 13 remembering the nonlinear behavior of 7(y). At first
glance we observe that the evolution of the D! is mainly the same
except for a slight increase of DL observed close to the wall
(y/8 ~ 0.05) and absent when the elemental fraction is supposed to
be constant (Fig. 3). The close relation between the results presented
in these two figures, together with their importance in the
understanding of diffusion phenomena, clearly shows the physical
interest and the practical value of the computation of elemental
thermal demixing coefficients.

In Fig. 14 we plot the second contribution to the elemental
diffusive fluxes. Also this contribution starts from zero at the wall
and follows a nonmonotonic behavior passing through a change in
sign for O and C.

In Fig. 15 we notice how all the contributions to the sums
P> D, VY1 go through zero where the elemental fractions have a
local minimum or maximum. The change in sign observed for the
second contribution to the elemental diffusive fluxes is not due to the
elemental multicomponent diffusion coefficients but to the elemental
mass fractions. Indeed, as shown in [14] and observed in Figs. 4-6
and 16, the multicomponent diffusion coefficients have the same sign
in the temperature range of interest.

This allows for the following interpretation of diffusion
phenomena along the stagnation line. Because temperature decreases
from the outer edge towards the wall, the temperature gradient is
always positive along the stagnation line. In sufficiently low
temperature regions, where chemical reactions do not occur, the
thermal demixing coefficients are zero and do not induce demixing.
As a consequence, since elemental multicomponent diffusion
coefficients are not zero at low temperatures, the elemental
composition stays constant ensuring mass conservation (7, |, =0).
As we move away from the wall (y < 0.05) the thermal demixing



36 RINI, VANDEN ABEELE, AND DEGREZ

10°
= b ax
” 00 PPecy -
~7 o
E 1 AP0
> -
N
Pl *x pD,<Y
= dy
@ c
5] Dy LY
; 08 00 pDy o
= 4 pDg LY
2 v
B X% pDyt L
5 -1 4
b 00 pDy LY
H PDoe %
T '
= A
) : 4
= Y
2 Hpnundy
m

'
]

04 0.6 0.8 1
y/d

Fig. 15 Separate contributions to the element diffusive fluxes

(oD, VY?).

(=)
¢
¥

4

10
2.0
15 /,)'r

A & +—p DCO
— 10 M{ - wxp Do
g) f’ oo pDyc
& 05 +-+pDgy
DS‘ [ x-x P DON
[~ 0| o-op DNC
+=+PDyg
-0.5 *x P DNN
-1.0 e SO 1

0 0.2 04 0.6 0.8 1

y/ o
Fig. 16 Multicomponent elemental diffusion coefficients.

coefficients cause a nonzero contribution to the elemental diffusion
flux which tends to decrease oxygen concentration (DF > 0),
increase nitrogen concentration (D% < 0), and slightly decrease but
then increase again carbon concentration (DX > 0 and DL < 0). As
soon as variations in elemental composition are induced (VY*¢ # 0),
a counteracting contribution to the element diffusive fluxes starts to
play arole trying to reduce demixing and inducing a reassessment of
the element profiles until the outer edge is reached.

In the central part of the stagnation line, the two contributions to
element fluxes interact until the point in which the thermal demixing
coefficients change sign. There, to counteract this demixing term, the
signs of element concentration gradients need to change because the
multicomponent diffusion coefficients have a constant sign (Fig. 16).
The counteracting character of the term ) pD,, VY4 with respect to
pDIVT justifies its label of “mixing term” and the comparison of
Figs. 12 and 14 clearly shows this behavior. The mathematical origin
of this diffusive character of the mixing term has to be searched in the
nonnegativity of the matrix containing the elemental multi-
component diffusion coefficients. To prove the latter property of the
matrix D,, we compute its eigenvalues along the stagnation line.
Because this matrix is singular [} ..D,, = 0], one eigenvalue is
k; = 0 and the remaining two are presented in Fig. 17. There we
clearly see that both &, and k3 are positive V y € [0, 8], this proving
the nonnegative character of the matrix D,,,.

As asummary, we wish to point out that from the knowledge of the
set of transport properties including both elemental thermal
demixing and multicomponent diffusion coefficients such as those
presented in Figs. 3—5, we can predict the evolution of the diffusive
fluxes and therefore guess the shape of the elemental fraction profiles
as well as the amount of demixing one should observe in the solution
of the stagnation line problem.
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Fig. 17 Eigenvalues of the elemental multicomponent diffusion matrix
along the stagnation line.
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We now move to the analysis of the heat and mass transfer along
the stagnation line by means of conduction and diffusion. As shown
at the beginning of the paper, under the assumption of local
thermodynamic equilibrium, the diffusive transport of enthalpy can
be split into two parts related to VT and VYY, respectively. As a
consequence, as shown in Eq. (12), the computation of the heat flux
involves the determination of two terms, one proportional to the
temperature gradient [—(A + A + Ap)VT] and the other propor-
tional to the linear combination of element concentration gradients
[— > AL VYY]. Moreover, the heat flux in a mixture of reacting
gases is composed of a conductive part (q; = —AVT), to which the
diffusive transport of enthalpy needs to be added (q; = Y &,J). To
investigate the heat flux along the stagnation line and highlight the
relative importance of the various contributions we start presenting
the evolution of q, q., and q, along the stagnation line in Fig. 18.

There we observe that the total heat flux presents an increasing
monotonic behavior starting from the outer edge until the wall, acting
to balance the convection of enthalpy. At the same time we notice
that this smooth evolution appears to be the result of a quite complex
shape of the two contributions q. and q, presented in the same figure.
This highly nonlinear behavior of the two heat flux components is the
result of the evolution of six transport coefficients (A, Az, Ap, AL )
and four gradients (VT, VY?). To provide an exhaustive description
of the heat flux along the stagnation line we start investigating the
behavior of the three thermal (A), thermal reactive (Ag), and
demixing (Ap) conductivities shown in Fig. 19.

As expected, we notice Ay to be the major contribution to the first
part of the heat flux followed by A. We also notice that A, has a
nonmonotonic behavior including changes in sign, highlighting the
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Fig. 20 Heat flux components (A ; VT, A ;, VT') along the stagnation line.

fact that demixing tends to increase or decrease heat flux depending
on the local temperature and elemental fractions as already observed
in [14]. Moreover, in terms of heat flux intensity, we notice that
around y/é = 0.3, A, &~ A showing how, neglecting A, with respect
to A could lead to important errors. The knowledge of the evolution of
the transport coefficients presented in Fig. 19 helps us understand the
behavior of the various heat flux contributions. Indeed the nonlinear
behavior of g, can be easily explained. A is an increasing monotone
function from the wall towards the outer edge, while 97 /dy starting
from the outer edge increases, decreases, and then increases again as
shown in Fig. 8. Therefore q. follows mainly the evolution of 37’/ dy.
For what concerns q, we need to consider separately the five
contributions —A;x VT, —A, VT, and —Af, VY4,

In Fig. 20 we present the evolution of the first two terms and their
sum. The evolution of these two contributions is more complex than
the previous one since the two associated transport coefficients
present a highly nonlinear behavior with extrema in different
positions than the temperature gradient. As far as the elemental heat
transfer coefficients are concerned, we present their evolution in
Fig. 21. There we notice that they all have a nonmonotonic behavior
reflecting the highly reacting character of the flow. These transport
coefficients lead to three contributions to the heat flux presented in
Fig. 22 which are of the same order of magnitude for the three
elements. The sum of these contributions is also plotted in the same
figure to show the importance of this term with respect to the total
heat flux. From the analysis of the profiles presented in Figs. 20-22,
we can justify the evolution of q, concurring to the determination
of the final shape of the heat flux. As a final step we analyze in
detail the relative importance of the various terms contributing to the
heat flux. In Fig. 23 we present the results of this analysis
showing the evolution of the four following ratios along the
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stagnation line: —(A dT/dy)/q, —(AxdT/dy)/q, —(ApdT/dy)/q,
and —(3_ Ay dY?/dy)/q.

The analysis of these profiles helps us to quantify the importance
of each term. Indeed this shows that the major contribution to the heat
flux comes from the thermal reactive conductivity (Ag), the second
comes from conduction (1), and the two remaining contributions are
of the same order of magnitude. The analysis of the curve
—(ApdT/dy)/q reveals that the contribution related to elemental
demixing is higher than the one due to thermal conductivity for
0.1 <y/6<0.3. The two contributions —Apd7/dy and
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— 3" Af; dY?/dy present almost an opposite behavior for y/§ < 0.4.
On the other hand, for y/§ > 0.4 we notice that — Y AL, dY7/dy
becomes higher than —A, d7/dy approaching the 10% of the total
heat flux around y/§ ~ 0.6 and decreasing to 5% at the outer edge.
The almost opposite behavior of the two latter contributions clearly
shows that elemental diffusive fluxes do not have a very important
influence on the total heat flux. Indeed if 7, =0 V e €&, the
Butler and Brokaw thermal reactive conductivity is enough to
compute q,. For the conditions previously analyzed, the presence of
nonvanishing elemental fluxes acts on the mixture energetics
behavior with a heat flux contribution which is at most of the order of
5% of the total heat flux.

Conclusions

The transport coefficients presented for a 8 species mixture
containing three elements (C, N, O) under conditions of LTCE, allow
one to reduce the equations of chemically reacting flows to an elegant
system consisting of the conventional Navier—Stokes equations
(mass, momentum, energy), complemented by an advection—
diffusion equation for the mass fraction of each chemical element in
the mixture. In the obtained formalism the diffusive fluxes are
explicitly expressed in terms of gradients of the solution unknowns,
unlike other formulations in which these fluxes are obtained in an
implicit manner by solving the full system of Stefan—-Maxwell
equations. Several new LTCE transport coefficients appear:

1) The elemental advection—diffusion equations contain nine
elemental multicomponent and three thermal demixing coefficients.
The thermal demixing coefficients sum up to zero and the matrix of
elemental multicomponent diffusion coefficients is nonsymmetric
and nonnegative.

2) In the energy equation, the well-known thermal reactive
conductivity coefficient (due to Butler and Brokaw) takes into
account diffusive transport of species enthalpies in the absence of
elemental demixing. An additional demixing thermal conductivity
coefficient and a set of three elemental heat transfer coefficients
correct for the additional flow of heat due to elemental demixing
caused by temperature and elemental fraction gradients,
respectively.

A quasi-one-dimensional application of this formulation is
proposed by means of the solution of the equations describing the
flow of a mixture of reacting gases along a stagnation line. Both the
theoretical description of the formulation and its application to a case
of interest for Mars entry applications lead us to the following major
conclusions:

1) For the first time thermal demixing and multicomponent
diffusion coefficients as well as elemental heat transfer coefficients
and thermal demixing conductivity have been computed for a
mixture containing three elements. This proves the generality of the
proposed formulation and clearly represents an improvement with
respect to previous formulations available in the literature.

2) The results obtained with the proposed closed form of the
equations coincide with those obtained using an implicit formulation
previously presented by the authors, indicating the correctness of the
new formulation.

3) The proposed approximate method for the estimation of the
elemental fraction profiles allows one to predict the elemental
concentration along the stagnation line in an easy way with a
maximum absolute error below 2%.

4) Demixing of chemical elements gives rise to complex elemental
concentration and heat flux patterns which can be easily explained by
examining graphs of LTCE transport coefficients that arise from the
new LTCE formulation.
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